Introduction
Continuing from [30] , we answer the following question, i.e., the Carleson measure problem for the holomorphic Q-spaces (which are geometric in the sense that they are conformally invariant): Question 1.1. Let μ be a nonnegative Borel measure on D. What geometric finite (resp., vanishing) property must μ have in order that Q p is boundedly (resp., compactly) embedded in T ∞ p (μ)?
Here, D = {z ∈ C: |z| < 1} and p ∈ (0, ∞) are given, and Q p stands for the space of all holomorphic functions f on D satisfying
where σ w (z) = (w − z)/(1 −wz) and dm are the Möbius map sending w ∈ C to 0 and the Lebesgue area measure on C respectively; see [31] and [32] for an overview of the Q p -theory (from 1995 to 2006)-in particular, Q p 1 ⊂ Q p 2 when 0 < p 1 < p 2 1 (see Aulaskari, Xiao and Zhao [6] ); Q 1 = BMOA, John-Nirenberg's BMO space of holomorphic functions on D (see Baernstein [7] ); and Q p = B, p ∈ (1, ∞), Aulaskari-Lappan's result in [4] (including Xiao's Q 2 = B in [29] ) regarding the Bloch space B of all holomorphic functions f on D with
where
are the normalized length of the subarc I of the unit circle T = {z ∈ C: |z| = 1} and the Carleson square in D respectively. In particular, dμ(z) = (1 − |z| 2 ) p dm(z) and p ∈ (0, 1] lead to the square tent space on D extending the disc version of the classic one (p = 1) on the upper-half Euclidean space discussed in [11] and [10] . Because the norm of f ∈ Q p is comparably dominated by the geometric quantity (see also Aulaskari, Stegenga and Xiao [5] ):
our answer to Question 1.1 is naturally as follows. 
Based on the solution to Question 1.1, we also answer the following problem:
Conversely, let the statement after the if and only if of Theorem 1.1 be true. To approach the desired embedding inequality, we recall that a nonnegative Borel measure ν on D is said to be a Carleson measure for the weighted Dirichlet space D p of all holomorphic functions f obeying
-see also Stegenga [24] . Note that p = 1 and p > 1 lead to the 
The following important result (written as a lemma for our purpose) is due to Carleson [9] (for p = 1), Hastings [13] (for p = 2), Stegenga [24] (for p ∈ [1, ∞)), and Arcozzi, Rochberg and Sawyer [3] (for p ∈ (0, 1)).
Lemma 2.1. Let ν be a nonnegative Borel measure on D. (i) If p ∈ [1, ∞) then ν is a Carleson measure for D p if and only if
ν CMD p = sup S(I )⊆D |I | −p ν S(I ) < ∞. (ii) If p ∈ (0, 1), then μ
is a Carleson measure for D p if and only if
are the Carleson and heightened Carleson boxes with vertex at w ∈ D respectively.
Since μ LCM p < ∞ and lim |I |→0 log(2|I | −1 ) = ∞, μ is a Carleson measure for D p . This fact in the case p ∈ [1, ∞) is clear from Lemma 2.1(i) because of μ CMD p μ LCM p . If p ∈ (0, 1) then this fact is due to Paul and Pelaez [19] and follows from Lemma 2.1, but a short proof is included below for completeness. Fixing a point w ∈ D, we use Fubini's theorem to get
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whence μ CMD p μ LCM p < ∞ according to Lemma 2.1(ii). Given any subarc I of T, let w = (1 − |I |)ζ and ζ be the center of I . Then
Consequently, the above-verified fact that μ is a Carleson measure for D p yields
In the last inequality we have used the following estimate:
To check this estimate we extend largely Paul-Perlaez's argument in [19] from p ∈ (0, 1) to p ∈ (0, ∞). Choosing 0 < η < p/2 and u = σ z (v), we get by Zhu's [36, Theorem 1.12(1)] that for any z ∈ D,
The previous estimates, together with Rochberg-Wu-Zhu's formula (see for example [20 
Next, we verify the compactness part. According to Lemma 2.10 in [25] , it suffices to show that any bounded sequence {f j } in Q p with f j → 0 being uniform on compacta of D must obey 
S(I ) .
On the other hand, suppose I :
then f j Q p 1 and f j → 0 uniformly on compacta of D. By the compactness of I, we achieve that if j → ∞ then
In other words, the desired vanishing condition is valid. 
which is slightly different from the conjectured-inequality:
If this last estimate is true, then a new derivative-free characterization of Q p is discovered.
. So, the boundedness part of Theorem 1.1 implies that V g maps boundedly Q p into itself is equivalent to μ p,g LCM p < ∞, as desired. The corresponding compactness can be demonstrated similarly. Nevertheless, in the sequel we provide a different argument which seems to be of independent interest. We begin with the following density result. Assume now V g is compact on Q p . For each natural number j let I j be the subarc of T with center ζ j and limit |I j | → 0. If w j = (1 − |I j |)ζ j , then {w j } has a cluster point w 0 ∈ T. Passing to a subsequence we may assume that w j → w 0 ∈ T and f j → f 0 uniformly on compacta of D, where f j (z) = log(1 − w j z) and f 0 (z) = log(1 − w 0 z).
As in the proof of Theorem 1.1, we obtain
In the meantime, if Q p,0 stands for the space of all functions 
Hence V g is compact and so weakly compact on Q p,0 . If V * g denotes the adjoint of V g acting on the dual space Q * p,0 of Q p,0 under ·,· , then the adjoint V * * g of V * g is not only bounded, but also equal V g on Q p -which can be established through the following formula for f ∈ Q p,0 and h ∈ Q * p,0 : This actually means g ∈ LQ p,0 . On the other hand, suppose g ∈ LQ p,0 . Using the uniform continuity of g r on the closed unit disk D and Lemma 3.1 we obtain a sequence of polynomials {p k } such that lim k→∞ μ p,g−p k LCM p = 0. It is not hard to see that V p k is compact on Q p . As a matter of fact, let {f j } be any sequence with f j Q p 1 and f j → 0 uniformly on compacta of D. Then for the polynomial p k , the number r ∈ (0, 1), and the cut-off measure dm p,r (z) = (1 − |z| 2 ) p 1 {z∈D: |z|>r} dm(z), we use the boundedness part of Theorem 1.1 to obtain 
